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1. Gale feasibility theorem
$N$ (node) $N$ , 2
(arc) $A$ , $A$ $c(x, y)$
: $N=(\Lambda^{\Gamma}, A, c(X, y))$
$\Lambda^{r}$ $S,$ $T$ source, sink supply-
demand problem $(\mathrm{S}\mathrm{D})$ , $S$ $T$ $a(x),$ $b(x)$
$(\mathrm{S}\mathrm{D})$ Find aflow function $f(x, y)$ on $A$
satisfying $f(x,N)-f(\lambda\subset, x)\leq a(x)$ for all $x\in S$ ,
$f(x,N)-f(N, X)=0$ for all $x\in\lambda^{(}-(S\cup T)$
$f(\Lambda’,$ $x\mathrm{I}-f(X,N)\geq b(x)$ for all $x\in T$ ,
$0\leq f(x, y)\leq c(x, y)$ for all $(x, y)\in A$ .
(G)
Condition(G) $b(T\cap\overline{X})-a(S\cap\overline{X})\leq c(X,\overline{X})$ for all $X\subset\Lambda^{\subset}$
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$\overline{X}$ $X$ , $a(S\cap\overline{X})=\Sigma_{x\in s\cap\overline{-.\mathrm{v}}^{Cl}}(X),$ $c(X,\lambda^{\gamma})-=\Sigma_{x\in X}\Sigma_{y\in\overline{X}}C(x,$ $y\mathrm{I}$
, $C\iota(\emptyset)=b(\emptyset)=0,$ $c(\emptyset, \Lambda’)=c(N, \emptyset)=0$
, $\max-$ flow $\min$-cut theorem , 2
$(\mathrm{M}\mathrm{F})$ Maximize $\sum_{x\in S}(f(x, N)-f(\wedge^{\subset}, x))$ subject to
$f(x,$ $\Lambda^{r_{)}}-f(\Lambda^{(}, x)=0$ for all $x\in N-(S\cup T)$ ,
$0\leq f(x, y)\leq c(x, y)$ for all $(x, y)\in A$
$(\mathrm{M}\mathrm{C})$ Minimize
$\sum_{x\in-\prime \mathrm{Y}}\sum_{y\in\overline{x}}c(X, y)$
subject to $X\subset\lambda^{(},$ $S\subset X,$ $T\subset\overline{X}$
2. Gale feasibility theorem ( $[^{\eta}$-])
$(\Omega, \Sigma)$ , $(\Omega\cross\Omega, \Sigma\otimes\Sigma)$ $\tau$
, $(\Omega, \Sigma, \tau)$ , $(\Omega, \Sigma)$ signed measure $\mu$
, $\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}\mathrm{l}\mathrm{y}$ –demand problem (SDM) –
(SDM) Find abimeasure $\eta$ on $\Omega\cross\Omega$
satisfying $\mu(U)\leq\eta(U,\overline{U})-\eta(\overline{U}, U)$ for all $U\in\Sigma$ ,
$\eta(U, V)\leq\tau(U\cross V)$ for all $U,$ $V\in\Sigma,$ $U\cap V=\emptyset$ ,




Condition(GM) $\mu(U)\leq\tau(U\cross\overline{U})$ for all $U\in\Sigma$
–
$\bullet$ $\Omega=\Lambda’,$ $A\subset\Omega\cross\Omega,$ $\Sigma$ $N$
$\bullet\tau(U\cross V)=c(V, U)$
$\bullet$ $\mu(U)=b(T\cap U)-a(S\cap U)$
$\bullet\uparrow 7(U, V)=f(V, U)$
[ ] $\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}\mathrm{l}\mathrm{y}$ -demand problem $(\mathrm{S}\mathrm{D})$ , $x\in\Lambda^{(}-(S\cup T)$
f $($N, $X)-f(x, N)=0\ovalbox{\tt\small REJECT}$ , f(x, $\Lambda^{(}$) $-f(\wedge^{(}, x)\leq 0\ovalbox{\tt\small REJECT}$ ,
flow
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3. Gale feasibility theorem ([7])
$\Omega$ $R^{n}$ , $\partial\Omega$ Lipschitz ,
$l\ovalbox{\tt\small REJECT}$
, $\Omega$ $R^{n}$ $\Gamma$ , $\partial\Omega$
$A,$ $B$ source, sink supply–demand problem
(SDC) , $A,$ $B$ $a(x),$ $b(x)$
(SDC) Find avector field $\sigma$ on $\Omega$
satisfying $\sigma(x)\in\Gamma(x)$ for all $x\in\Omega$ , $-\mathrm{d}\mathrm{i}\mathrm{v}\sigma=0$ on $\Omega$
$\sigma$ . \iota $=0$ on $\partial\Omega-(A\cup B)$ , $-\sigma$ . \iota $\leq a$ on $A,$ $\sigma$ . \iota $\geq b$ on $B$
$\beta(v, x)=\sup_{w\in\Gamma()}xv\cdot w$ , $\partial S\cap\Omega$ $\Omega$
$S$
$\iota\ovalbox{\tt\small REJECT}_{S}$
$C(S)= \int_{\partial s_{\cap}\Omega}\beta(-\iota\ovalbox{\tt\small REJECT} s, \cdot)d_{S}$ ,
Condition(GC) $C(S) \geq\int_{B\cap\partial S}bds-\int_{A\cap\partial s}ads$ for all $\mathrm{S}\subset\Omega$
, ,
, flow $\sigma$ class , Lebesgue
, cut $S$ , ,
$\mathrm{d}\mathrm{i}\mathrm{v}\sigma$ $L^{n}(\Omega)$ , $\partial\Omega$ $\sigma\cdot\iota\ovalbox{\tt\small REJECT}$
$L^{\infty}(\partial\Omega)$ (cf. [5]) , cut $S$ reduced boundary $\partial^{*}S$
$\partial S$ , $(\mathrm{G}\mathrm{C})$
4. Abstract formulation feasibility problem
( )
, ,
, 2 paired spaces $\langle \mathcal{E}, \mathcal{E}^{*}\rangle,$ $\langle F, F^{*}\rangle$ , $\mathcal{E},$ $F$
$K,$ $X$ $\mathcal{E}$ $\mathcal{F}$ $T$
$(\mathrm{F}\mathrm{P})$ Find $\sigma\in K$ satisfying $T(\sigma)\in X$
, $\mathcal{E},$ $\mathcal{E}^{*},$ $F,$ $F^{*}$ ,
1. $T(K)-^{x}$ , $(\mathrm{F}\mathrm{P})$
Condition(GA) $\sup_{\sigma\in K}\langle\tau(\sigma), u\rangle\geq\inf_{\varphi\in}$ $\langle\varphi, u\rangle$ for all $\mathrm{t}l\in \mathcal{F}^{*}$
. $(\mathrm{F}\mathrm{P})$ $(\mathrm{G}\mathrm{A})$ , $(\mathrm{F}\mathrm{P})$




1. (cf. Yamasaki and Oettli [9]) $N=(\lambda^{\subset}, A, c(X, y))$ 1
$\Lambda’$ , $x\in\Lambda’$ $\{y\in’\vee;(x, y)\in$
$A$ , or $(y, x)\in A\}$
$\bullet$
$\mathcal{E}$ $A$ , $\mathcal{E}^{*}$ $A$ , $0$
$\bullet$ $F$ $N$ , $F^{*}$ $N$ , $0$
$\bullet$ $T(f)(x)=f(\Lambda^{r}, x)-f(X, N)$
$\bullet$ $K=$ { $f\in \mathcal{E};0\leq f(x,$ $y)\leq c(x,$ $y)$ for all $(x,$ $y)\in A$}
$\bullet$ $X=$ {$g\in \mathcal{F};g\geq-a$ on $S,$ $g\geq b$ on $T,$ $g=0$ elsewhere}
, $T$ $\mathcal{E}$ $\mathcal{F}$ ( ) , $K$ $\mathcal{E}$
, $X$ $\mathcal{F}$ $u\in \mathcal{F}^{*}$
$\sup_{f\in \mathrm{A}’}\sum_{x\in N}(f(\Lambda’, x)-f(X, N))u(x)=\sum Cx,y\in\Lambda^{r}(x, y)(u(y)-u(_{X}))^{+}$
$\inf_{g\in x}\sum_{\in xN}g(x)u(x)=\sum_{x\in T}b(X)u(X)-\sum_{x\in s}a(X)u(x)$ if $u\geq 0$ on $S\cup T$
$\inf_{g\in x}\sum_{\in xN}g(x)u(x)=-\infty$ otherwise
$(u(y)-u(x))^{+}= \max(\mathrm{o}, u(y)-u(x))$
1 $(\mathrm{S}\mathrm{D})$ $(\mathrm{F}\mathrm{P})$ – , $c(x, y)$
$(x, y)\in A$ $K$ compact , $T(K)-^{x}$
, , $(\mathrm{S}\mathrm{D})$
1 $\sup_{\sigma\in K}\langle\tau(\sigma), u\rangle\geq\inf_{\varphi\in X}\langle\varphi, u\rangle$ $u\in \mathcal{F}^{*}$
, $(\mathrm{G}\mathrm{A})$ $u$ $N$
(G) – , (G) $(\mathrm{G}\mathrm{A})$ ,
2. supply–demand problem (SDM) $\Omega,$ $\Sigma,$ $\tau,$ $\mu$
2
$\bullet$
$\mathcal{E}$ $(\Omega\cross\Omega, \Sigma\otimes\Sigma)$ signed measure , $\mathcal{E}^{*}$ $(\Omega\chi\Omega, \Sigma\otimes\Sigma)$
$\bullet$
$\mathcal{F}$ $(\Omega, \Sigma)$ signed measure , $\mathcal{E}^{*}$ $(\Omega, \Sigma)$




, $\lambda\in F,$ $g\in F^{*}$ $\langle\lambda, g\rangle=\int_{\Omega}gd\lambda$ , $\mathcal{F}$ $\mathcal{F}^{*}$ paired space
$\mathcal{E}$ $\mathcal{E}^{*}$ , $T$ , $X$
, $\eta\in K$ $\tau$ , 1
, $\{\varphi\in L^{\infty}(\Omega;\tau \mathrm{I};0\leq\varphi\leq 1\}$ weak* compact
$K$ compact
, (SDM) , $(\mathrm{G}\mathrm{A})$
, $(\mathrm{G}\mathrm{A})$ $(\mathrm{G}\mathrm{M})$
, , flow $\eta$ $(\Omega\cross\Omega, \Sigma\otimes\Sigma)$
signed measure , 2 bimeasure , $\eta(U, V)$
$\eta(U\cross V)$
1. , $(\mathrm{G}\mathrm{A})$
$\sup_{0\leq\eta\leq\tau i}\sum^{l}=1\Gamma_{i}(\eta(A_{i}\cross\Omega)-\eta(\Omega\cross A_{i}))\geq\inf_{\lambda\geq\mu}\sum_{i=1}r\iota i\lambda(A_{i})$ (1)
$r_{1},$ $\cdots,$ $r_{l}\in R$ $A_{1)}\cdots$ , $A_{l}\in\Sigma$
, $(\mathrm{G}\mathrm{M})$
. $u\in \mathcal{F}^{*}$ $r_{1},$ $\cdots,$ $r_{l}\in R$ $A_{1},$ $\cdots,$ $A_{l}\in\Sigma$
$u=\Sigma_{i=1^{\Gamma}}^{l}i\chi A_{i}$ $(\mathrm{G}\mathrm{A})$ (1)
(1) , $\mathit{1}=1,$ $r_{1}=1,$ $A_{1}=U$ , (1) $\mu(U)$ ,
$U\cross\overline{U}$
$\tau$
$\overline{U}\cross U$ $0$ $K$ signed measure




$r_{1},$ $\cdots,$ $r_{l}\geq 0$
$-\infty$ otherwise
$r_{i}$ , $0<r_{1}<\cdots<r_{l}$ $r_{0}=0$ , $A_{0}=$
$\Omega-\Sigma_{i=1}^{l}A_{i}$ ,
$\sup_{0\leq\eta\leq\tau}\sum_{=i1}^{l}ri(\eta(A_{i}\cross\Omega)-\eta(\Omega\cross A_{i}))=\mathrm{s}\iota 0\leq\eta\leq 1\mathrm{P}\sum_{=}^{l}\mathcal{T}i0j\sum_{=^{0}}^{l}r_{i(}\eta(A_{i}\cross A_{j})-\eta(A_{j}\cross A_{i}))$
$= \mathrm{s}0\leq\eta\leq \mathrm{t}\iota \mathrm{p}\sum^{l}\sum^{l}\mathcal{T}i=0j=0(_{\Gamma}j-ri)\eta(A_{j}\cross A_{i})=\sum_{i=0\dot{J}=}^{1}\sum_{i}^{l}l-+1(rj-r_{i})\mathcal{T}(Aj\cross A_{i})$













, $(\mathrm{G}\mathrm{M})$ $U$ $N_{1},$ $\cdots,$ $N_{l}$ $(\mathrm{G}\mathrm{M})$
$\sum_{i=1}^{l}r_{i}\mu(Ai)\leq\sum_{j=1}^{\iota}(\Gamma j-\Gamma j-1)\tau(N_{j}\cross(\Omega-N_{j}))$
$(\mathrm{G}\mathrm{M})$ (1) ( )
5. Abstract formulation feasibility problem
$\Omega$ $R^{n}$ , $\partial\Omega$ Lipschitz $\Omega$ $x$
$\Gamma(x)$ $R^{n}$ , $\{(x, w);w\in\Gamma(x), x\in\Omega\}$
1. , 3 – ,
$\bullet \mathcal{E}=L^{\infty}(\Omega;Rn),$ $\mathcal{E}^{*}=L^{1}(\Omega,\cdot R^{n})$
$\bullet$ $F^{*}=W^{1},1(\Omega)$ , $W^{1,1}(\Omega)$ $\mathcal{F}^{\cdot}$
,Wl,l $(\Omega)=\{u\in L^{1}(\Omega);\nabla u\in L^{1}(\Omega;R^{n})\}$ , $W^{1,1}(\Omega)$ $u$
$\nabla u$ $L^{1}$ –
$\bullet$ $\sigma\in \mathcal{E},$ $u\in \mathcal{F}^{*}$ , $\langle T\sigma, u\rangle=\int_{\Omega}\sigma\cdot\nabla ud_{X}$ , $\mathcal{E}$ $F$
$T$
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$\bullet$ $K=\{\sigma\in \mathcal{E};\sigma(x)\in\Gamma(x)\mathrm{a}.\mathrm{e}. x\in\Omega\}$
$\bullet$ $X$ $L^{n}(\Omega)\cross L^{\infty}(\partial\Omega)$ weak* , $\{F\in L^{n}(\Omega);(F, f)\in$
$X$ for some $f\in L$“ $(\partial\Omega)\}$ $L^{n}(\Omega)$
, $(F, f)\in L^{n}(\Omega)\cross L^{\infty}(\partial\Omega)$ $u\in W^{1,1}(\Omega)$ $\langle(F, f), u\rangle=\int_{\Omega}$ Fudx $+$
$\int_{\partial\Omega}f\gamma uds$ , $(F, f)$ $\mathcal{F}$ , $X$ $F$
, $\gamma u$ $u$ $\partial\Omega$ trace , $\{\gamma u;u\in W^{1,1}(\Omega)\}=L^{1}(\partial\Omega)$
, $K$ $\mathcal{E}$ compact , $T$ $\mathcal{E}$ $F$
2. $X$ $F$
. $\{(F_{i}, f_{i})\}\subset X$ $\varphi\in F$ $\mathcal{F}$ ,
$\langle(F_{i}, f_{i}\mathrm{I}, u\rangle=\int_{\Omega}F_{i}ud_{X}+\int_{\partial\Omega}f_{i}\gamma udsarrow\langle\varphi, u\rangle$
$u\in W^{1,1}(\Omega)$ $\varphi\in X$ , $\{F_{i}\}$
$F\in L^{n}(\Omega)$ $\{F_{i}\}$ $F$
,
;
$\int_{\partial\Omega}f_{i}\gamma udsarrow\langle\varphi, u\rangle-\int_{\Omega}$ Fudx
$\mathcal{F}^{\cdot}$
$\tilde{\varphi}$ , $\langle\tilde{\varphi}, u\rangle$ $\gamma u$ , $\tilde{\varphi}$
$W^{1,1}(\Omega)/W_{0}^{1,1}(\Omega)$ , $W^{1,1}(\Omega)/W_{0}^{1,1}(\Omega)\cong L^{1}(\partial\Omega)$
$f\in L^{\infty}(\partial\Omega)$
$\langle\tilde{\varphi}, u\rangle=\int_{\partial\Omega}f\gamma uds$
, $\mathrm{M}^{\gamma_{0}^{1,1}}(\Omega)$ $C_{0}^{\infty}(\Omega)$ $W^{1,1}(\Omega)$
$f_{\mathrm{i}}arrow f$ , $X$ $L^{n}(\Omega)\cross L^{\infty}(\partial\Omega)$ $(F, f)\in X$
, $(F, f)$ $F$ $\varphi$ – $\varphi\in X$ , $X$ $\mathcal{F}$
( )
, 1 , feasibility problem
(FPC) Find $\sigma\in L^{\infty}(\Omega;R^{n})$ such that $\sigma(x)\in \mathrm{I}^{\neg}(x)\mathrm{a}.\mathrm{e}$ . $x\in\Omega,$ ( $-\mathrm{d}\mathrm{i}\mathrm{v}\sigma,$ $\sigma\cdot$ \iota ) $\in X$
$(\mathrm{G}\mathrm{c}’)$ $\sup_{\sigma\in K}\int_{\Omega}\sigma\cdot\nabla ud_{X}\geq\inf_{(Ff)\in^{x}}(\int_{\Omega}Fudx+\int_{\partial\Omega}f\gamma udx)$
$u\in W^{1,1}(\Omega)$
, $(\mathrm{G}\mathrm{C}’)$ , $(\mathrm{G}\mathrm{C})$ , $X$
, $\Gamma$
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3. $\Gamma$ $\Omega$ $R^{n}$ compact set , Hausdorff
,
$X=$ { $(F,$ $f)\in \mathcal{F};F=0$ on $\Omega,$ $f=0$ on $\partial\Omega-(A\cup B),$ $f\geq-a$ on $A,$ $f\geq b$ on $B$ }
, (FPC) 3 (SDC) , , $(\mathrm{G}\mathrm{C}’)$ $(\mathrm{G}\mathrm{C})$
Condition(GC) $C(S) \geq\int_{B\cap\partial^{*}S}bds-\int_{A\cap\partial^{*}S}ad_{S}$ for all $\mathrm{S}\subset\Omega$ with $\chi_{S}\in BV(\Omega)$
, $BV(\Omega)$ , $\Omega$
, $\chi s\in BV(\Omega)$ $S\subset\Omega$ reduced boundary $\partial^{*}S$
$C(S)= \int_{\partial^{*}S\cap\Omega}\beta(-l\ovalbox{\tt\small REJECT}_{S}, \cdot)ds$ $S$ Federer
, $l\ovalbox{\tt\small REJECT} s$ , $\beta(v, x)=\mathrm{s}\mathrm{u}\mathrm{p}w\in\Gamma(x)v\cdot w$
. $u\in W^{1,1}(\Omega)$
$\sup_{\sigma\in R’}\int_{\Omega}\sigma\cdot\nabla ud_{X=}\int_{\Omega}\beta(\nabla u, X)d_{X}$
, measurable selection
, $\bigcap_{x\in\Omega}\Gamma(x)$ $\Gamma$
, [6, Lemma 26] $u\in BV(\Omega)$
$\sup_{\sigma\in \mathrm{A}’\cap c_{0}\infty(\Omega)}\int_{\Omega}\sigma\cdot\nabla udx=\int_{\Omega}\beta(\nabla u/|\nabla u|, x)d|\nabla u|$
, reduced boundary $\chi s\in BV(\Omega)$
$\int_{\Omega}\beta(\nabla xs/|xs|, x)d|\nabla x_{S}|=\int_{\partial^{*}S\cap\Omega}\beta(-l\text{ }s, \cdot)ds$
, $C( \nabla u)=\int_{\Omega}\beta(\nabla u/|\nabla u|, X)d|\nabla u|$ , $\sup_{\sigma\in K}\int_{\Omega}\sigma\cdot\nabla udX$
$C(\nabla u)$ , [6, Lemma 2.10] $(\mathrm{G}\mathrm{C}’)$ $u\in BV(\Omega)$
, $A\cup B$ $\gamma u\geq 0$
$\inf_{(F,f)\in X}(\int_{\Omega}Fudx+\int_{\partial\Omega}f\gamma uds)=\inf_{(F,f)\in^{x}}(\int_{A\cup B}f\gamma uds)=\int_{B}b\gamma ud_{S}-\int_{A}a\gamma uds$
, $u=\chi s\in BV(\Omega)$
$\int_{B\cap\partial^{*s}}bds-\int_{A\cap\partial^{*}}Sad_{S}$
– , $(\mathrm{G}\mathrm{C}’)$ $u=\chi s$ $(\mathrm{G}\mathrm{C})$
$\mathrm{n}_{x\in\Omega}\Gamma(X)$ , $\Gamma(x)+\overline{B(0,r)}(r>0)$ , $r\downarrow \mathrm{O}$
$(\mathrm{G}\mathrm{C}’)$ $(\mathrm{G}\mathrm{C}’)$ $(\mathrm{G}\mathrm{C})$
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, $(\mathrm{G}\mathrm{C})$ $(\mathrm{G}\mathrm{C}’)$ $u\in BV(\Omega)$ $N_{t}=\{x\in\Omega;u(x)\geq t\}$
, $t$ $\chi_{N_{\mathrm{t}}}\in BV(\Omega)$ [6, Proposition
24] $C( \nabla u)=\int_{-\infty}^{\infty}C(Nt)dt$ , $\{x\in A\cup B;\gamma u(x)<0\}$
$(\mathrm{G}\mathrm{C}’)$ $-\infty$ $A\cup B$ $\gamma u(x)\geq 0\mathrm{a}.\mathrm{e}$ .
,
$\int_{B}b\gamma uds-\int_{A}a\gamma uds=\int_{0}^{\infty}(\int_{B\cap\partial N}*bds-t\int_{A\cap\partial^{*}}N_{t}adS\mathrm{I}$
(cf. [6, Lemma 4.6]) $N_{t}(t>0)$ $(\mathrm{G}\mathrm{C})$
$C(\nabla u)$ $=$ $\int_{-\infty}^{\infty}C(Nt)dt\geq\int_{0}^{\infty}c(Nt)dt$
$\geq$ $\int_{0}^{\infty}(\int_{B\cap\partial N}*b\iota ds-\int_{A\cap\partial^{*}N}tad_{S)}=\int_{B}b\gamma udS-\int_{A}a\gamma uds$
$(\mathrm{G}\mathrm{C}’)$ ( )
2. $(\mathrm{G}\mathrm{C})$ , $\min$ –cut problem relaxation
$\bullet$ $\mathcal{E}=L^{\infty}(\Omega, Rn)\cross L^{\infty}(\partial\Omega),$ $\mathcal{E}^{*}=L^{1}(\Omega;R^{n})\cross L^{1}(\partial\Omega)$ .
$\bullet$ $\mathcal{F}^{*}=W^{1,1}(\Omega)\cross L^{1}(\partial\Omega)$ , $7^{-}V^{1},1(\Omega)$
$W^{1,1}(\Omega)^{*}$ , $\mathcal{F}=W^{1,1}(\Omega)^{*}\cross L^{\infty}(\partial\Omega)$
$\bullet$
$\mathcal{E}$ $\mathcal{F}$ $T$ $\langle T(\sigma, \psi), (u, \varphi)\rangle=\int_{\Omega}\sigma\cdot\nabla ud_{X}+\int_{\partial\Omega}\psi(\gamma u-\varphi)d_{S}$
$((\sigma, \psi)\in F,$ $(u, \varphi)\in \mathcal{F}^{*})$
$\bullet$
$c\ell,$ $\beta\in L^{\infty}(\partial\Omega)$ , $K=\{(\sigma, \psi)\in \mathcal{E};\sigma(x)\in\Gamma(x)\mathrm{a}.\mathrm{e}$ . $x\in\Omega,$ $\alpha\leq$
$\psi\leq\beta \mathrm{a}.\mathrm{e}$ . on $\partial\Omega$ }
$X$ $L^{n}(\Omega)\cross L^{\infty}(\partial\Omega)\mathrm{x}L^{\infty}(\partial\Omega)$ , $\mathcal{F}$
, $(\mathrm{F}\mathrm{P})$ , $(\mathrm{C}\mathrm{A})$
(GCR’) $( \sigma,\psi\sup)\in K(\int_{\Omega}\sigma\cdot\nabla ud_{X}+\int_{\partial\Omega}\psi(\wedge\prime^{u}-\varphi)dH)n-1$
$\leq(F,f,g)\inf_{\in X}\{\int_{\partial\Omega}Fudx+\int_{\partial\Omega}f\gamma uds+\int_{\partial\Omega}g\varphi dS\}$ for all $(u, \varphi)\in F^{*}$
, $\sigma\cdot\iota\ovalbox{\tt\small REJECT}$ feasibility problem , $M=$
$\sup\{|w|;w\in\bigcup_{x\in\Omega}\Gamma(x)\}$ $\alpha=-M,$ $\beta=M$ , $\sigma\cdot\iota\ovalbox{\tt\small REJECT}$
, $T(\sigma, \psi)\in X$ $(-\mathrm{d}\mathrm{i}\mathrm{V}\sigma, \sigma\cdot l\ovalbox{\tt\small REJECT}-\psi, -\psi)\in X$ , $\tilde{X}\subset L^{n}(\Omega)\cross L\infty(\partial\Omega)$
$X=\{(F, f, g);f=0, (F, g)\in\tilde{X}\}$ , (FPC)
, (GCR’) , $\wedge \mathit{1}^{u}=\varphi$ $(u, \varphi)$ $(\mathrm{G}\mathrm{C}’)$
–
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6. Abstract $\max$-flow Droblem
feasibility theorem nuax-fllow problem
(MFA) Maximize $r$ subject to $\sigma\in K,$ $T(\sigma)\in rX$
$(\mathrm{M}\mathrm{F}\mathrm{A}^{*})$ Minimize $\sup_{\sigma\in K}\langle\tau(\sigma), u\rangle$ subject to $u\in \mathcal{F},$ $\varphi\in \mathrm{i}_{1}\mathrm{u}\mathrm{f}$, $\langle\varphi, u\rangle\geq 1$
(MFA), $(\mathrm{M}\mathrm{F}\mathrm{A}^{*})$ $MFA,$ $\Lambda IFA^{*}$
2. $(\mathrm{F}\mathrm{P})$ , $X$ $t$ $tX$ , $(\mathrm{F}\mathrm{P})$
$(\mathrm{G}\mathrm{A})$ , $MFA=MFA*$ ,
(MFA)
. $\sigma\in K,$ $T(\sigma)\in rX,$ $u\in \mathcal{F},$ $\inf_{\varphi\in X}\langle\varphi, u\rangle\geq 1$ ,
$r \leq r\inf_{\varphi\in}$ $\langle\varphi, u\rangle=\inf_{\varphi\in r}\langle\varphi, u\rangle\leq\langle T(\sigma), u\rangle$
$MFA\leq MFA^{*}$
$MFA\geq MFA^{*}$ $MFA^{*}\geq r$ $\inf_{\varphi\in rX}\langle\varphi, u\rangle\leq\sup_{\sigma\in K}\langle\tau(\sigma), u\rangle$ ,
$rX$ $(\mathrm{G}\mathrm{A})$ $(\mathrm{F}\mathrm{A})$ $r\geq MFA$
$MFA\geq MFA^{*}$ $MFA=MFA^{*}$ ,
$MFA^{*}=r$ (MFA)
( )
, $\max$-flow $\min$-cut theorem
1. $\text{ }$ max-fllow min-cut theorem
$(\Omega, \Sigma)$ , $\tau$ $(\Omega\cross\Omega, \Sigma\otimes\Sigma)$ , $A,$ $B\in\Sigma,$ $A\cap B=\emptyset$
$\mathcal{E},$ $\mathcal{E}^{*},$ $F,$ $\tau*,$ $\tau,$ $K$ 2 ,
$X=$ { $\lambda;\lambda(U)=0$ for all $U\in\Sigma,$ $U\subset\Omega-(A\cup B),$ $\lambda(A)=1,$ $\lambda\geq 0$ on $A$ }
(MFA) $(\mathrm{M}\mathrm{F}\mathrm{A}^{*})$ max–flow min-cut theorem
:
3. , $MFM$
$MFM$ $=$ $\sup\{\eta(A\cross\Omega)-\eta(\Omega\cross A);0\leq\eta\leq\tau$ ,
$\eta(U\cross\Omega)-\eta(\Omega\cross U)=0$ for all $U\in\Sigma \mathrm{s}.\mathrm{t}$ . $U\subset\Omega-(A\cup B)$ ,
$\eta(U\cross\Omega)-\eta(\Omega\cross U)\geq 0$ for all $U\in\Sigma \mathrm{s}.\mathrm{t}$ . $U\subset A$ }
$MCM$ $=$ $\inf\{\tau(U\cross\overline{U});U\in\Sigma, U\supset A, U\cap B=\emptyset\}$
. (MFA) $MFM$ - , 4 1
, $g= \sum_{j=}^{l}1\Gamma_{jx}A_{j}\in \mathcal{F}^{*}$ , $0=r_{0}<r_{1}<\cdots<r_{l},$ $N_{j}=\{x\in\Omega;g(x)\geq r_{j}\}$
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, $\sup_{\eta\in K}\langle\tau(\eta), g\rangle=\Sigma_{j=1}^{l}(\Gamma_{j}-r_{j1}-\mathrm{I}^{\tau}(N_{j}\cross(\Omega-N_{j}))$ , $g$ $B$
$0$
$\inf_{\in}$
$\langle\lambda, g\rangle=$ inf $g= \sum_{j=1}^{l}(r_{j}-r_{j-1})(rj-\Gamma_{j}-1)\inf\chi N_{J}A$
, $\inf_{\lambda\in X}\langle\lambda, g\rangle=-\infty$ , $(\mathrm{M}\mathrm{F}\mathrm{A}^{*})$
$MCM$ ( )
2. max–flow min-cut theorem
$\mathcal{E},$ $\mathcal{E}^{*},$ $F,$ $F^{*},$ $T,$ $K$ 5 1 ,
$X=$ { $(F,$ $f)\in F;F=0$ on $\Omega,$ $f=0$ on $\partial\Omega-(A\cup B),$ $\int_{A}fds=1$ }
(MFA) $(\mathrm{M}\mathrm{F}\mathrm{A}^{*})$ max-fllow min-cut
theorem
4. $MFC$ $MFC^{*}$ , $MFC$
$MFC$ $=$ $\sup\{\int_{A}\sigma\cdot l\text{ }dS;\sigma\in \mathrm{I}^{\neg}(x)$ , for $\mathrm{a}.\mathrm{e}$ . $x\in\Omega$
$-\mathrm{d}\mathrm{i}\mathrm{v}\sigma=0\mathrm{a}.\mathrm{e}$ . on $\Omega,$ $\sigma$ . \iota $=0\mathrm{a}.\mathrm{e}$ . on $\partial\Omega-(A\cup B)\}$
$MFC^{*}$ $=$ $\inf${ $C(\nabla u);u\in W^{1,1}(\Omega),$ $\gamma u=1\mathrm{a}.\mathrm{e}$ . on $A,$ $\gamma u=0\mathrm{a}.\mathrm{e}$ . on $B$ }
. 5 3 $\sup_{\sigma\in K}\int_{\Omega}\sigma\cdot\nabla udx=\psi(u)(=c(\nabla u))$ ,
$\gamma u$
$A$ , $B$ $0$ , $\inf_{(F,f)\in}x(\int_{\Omega}Fudx+\int_{\partial\Omega}f\gamma udX)$ $\gamma u$ $A$
, $-\infty$ ( )
$\Gamma^{1}$ , feasibility problem , $u$
$BV(\Omega)$ lnin-cut problem
3. $\max$ –flow $\min$ -cut theorem (a relaxed version)
$\mathcal{E},$ $\mathcal{E}^{*},$ $F,$ $\tau*,$ $\tau,$ $K$ 5 2 ,
$X=\{(F, f, g)\in F;F=0$ on $\Omega,$ $f=0$ on $\partial\Omega$ ,
$g=0$ on $\partial\Omega-(A\cup B),$ $\int_{A}gd_{S}=1\}$
5. $MFR$ $MFR^{*}$ , $MFR$
$MFR$ $=$ $\sup\{\int_{A}\sigma\cdot l\text{ }d_{S};\sigma\in\Gamma(x)$ for $\mathrm{a}.\mathrm{e}$ . $x\in\Omega$ ,
$-\mathrm{d}\mathrm{i}\mathrm{v}\sigma=0$
$\mathrm{a}.\mathrm{e}$ . on $\Omega,$ $\sigma$ . $l\text{ }=0$ $\mathrm{a}.\mathrm{e}$ . on $\partial\Omega-(A\cup B)$ ,
$\alpha\leq-\sigma$ . $l\text{ }\leq\beta \mathrm{a}.\mathrm{e}$ . on $\partial\Omega$ }
$MFR^{*}$ $=$ $\inf\{C(\nabla u)+\int_{\partial\Omega}\alpha(\gamma u-\varphi)-ds+\int_{\partial\Omega}\beta(\gamma u-\varphi)^{+}d_{S}$ ,
$u\in W^{1,1}(\Omega),$ $\varphi\in L^{1}(\partial\Omega),$ $\varphi=1\mathrm{a}.\mathrm{e}$ . on $A,$ $\varphi=0\mathrm{a}.\mathrm{e}$ . on $B$}
47
. (MFA) $MFR$ ,
$() \in\sup_{\sigma,\psi K}\int\Omega(\sigma\cdot\nabla ud_{X}+\int_{\partial\Omega}\psi(\gamma u-\varphi)dHn-1)$
$=C( \nabla u)+\int_{\partial\Omega}\alpha(\gamma u-\varphi)-ds+\int_{\partial\Omega}\beta(\gamma u-\varphi)^{+_{d_{S}}}$
, $\varphi$ $A$ $r$ $B$ $\varphi=0$
$\inf_{(F,f,g)\in X}(\int_{\Omega}Fudx+\int_{\partial\Omega}f\gamma udx+\int_{\partial\Omega}g\varphi d_{X})=(F,f,\mathit{9})X\inf_{\in}\int_{A}g\varphi dX=r$
, $-\infty$ $(\mathrm{M}\mathrm{F}\mathrm{A}^{*})$ $MFR^{*}$
( )
[1] L. R. Ford and D. R. Fulkerson. Flows in Networks. Princeton University Press,
Princeton, New Jersey, 1962.
[2] B. Fuchssteiner and W. Lusky. Convex Cones. Mathematical Studies 56. North-
Holland, Amsterdam, The Netherlands, 1981.
[3] D. Gale. A theorem on flows in networks. Pacific J. Math., 7:1073-1082, 1957.
[4] M. Iri. Theory of flows in continua as approximation to flows in networks. In
A. Prekopa, editor, Survey of Math. Programming, pages 263 –278, Amsterdam,
The Netherlands, 1979. Mathematical Programming Society, North-Holland.
[5] R. Kohn and R. Temam. Dual spaces of stresses and strains with applications to
hencky plasticity. Appl. Math. Optim., 10:1–35, 1983.
[6] R. Nozawa. A $\max$-flow $\min$-cut theorem in an anisotropic network. Osaka J. Math.,
27:805–842, 1990.
[7] R. Nozawa. Acontinuous version of gale’s feasibility theorem.
, 945:83–92, 1996.
[8] R. Nozawa. Gale’s feasibility theorem and $\max$ –flow problems in a continuous
network. , 1031:29–41, 1998.
[9] W. Oettli and M. Yamasaki. On gale’s feasibility theorem for certain infinite net-
works. Arch. Math. (Basel), 62:378–384, 1994.
[10] G. Strang. Maximal flow through a domain. Mathematical Programming, 26:123-
143, 1983.
48
